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Abstract
In this paper, we 1rst establish the continuity property for multimaps and generalized Berge’s theorem for multi-
maps. Then we apply these results, and the Fan–Browder 1xed point theorem to establish the existence theorems of
quasi-equilibrium problems and generalized quasi-equilibrium problems for multimaps. c© 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction
By an equilibrium problem (shortly EP), as understood by Blum and Oettli [3] is the problem of
1nding
(EP) xˆ ∈ X such that f(xˆ; y)¿0 for all y ∈ X;
where X is a given set and f : X × X → BR is a given function with f(x; x) = 0.
A quasi-equilibrium problem (shortly QEP) is to 1nd
xˆ ∈ S(xˆ) such that f(xˆ; y)¿0 for all y ∈ S(xˆ);
where X and f are as above and S : X ( X is a given multimap with nonempty values.
A generalized quasi-equilibrium problem (shortly GQEP) is to 1nd
xˆ ∈ S(xˆ) and yˆ ∈ T (xˆ) such that ’(xˆ; yˆ; z)¿0
for all z ∈ S(xˆ), where X and S are the same as above, Y another given set, T : X ( Y another
multimap, and ’ : X × Y × X → BR a given function.
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These types of problems contains variational inequalities, optimization problems, saddle points,
Nash equilibria in noncooperative games, 1xed points, convex diKerentiable optimization, comple-
mentary problems, for detail, see [2].
Our main aim in this paper is to establish the continuity properties for multimaps and a general-
ization of Berge’s Theorem for multimaps. These results together with the Fan–Browder 1xed point
theorem [3] or a 1xed point theorem due to Lin and Yu [11], give the existence theorems for the
problem of 1nding
(QEP)′ Bx ∈ S( Bx) such that z ∈ −intD for all z ∈ F( Bx; u) and all u ∈ S( Bx);
where F : X × X ( Z and F(x; x)⊂D for all x ∈ X; Z is a real topological vector space (shortly
t.v.s.), and D is a pointed closed convex cone in Z with intD = ∅.
Use the existence theorems of (QEP)′ and a convex space version of continuous selection theorem
due to Horvath [7, Theorem 3:2], we establish the existence theorems of the problem of 1nding
(GQEP)′ Bx ∈ S( Bx); By ∈ T ( Bx) such that z ∈ −intD for all z ∈ F( Bx; By; u) and all u ∈ S( Bx);
where F : X × Y × X ( Z and F(x; y; x)⊂D for all x ∈ X; y ∈ Y; Z is a real t.v.s., and D is a
pointed closed convex cone in Z with intD = ∅. Consequently, we can drastically generalize and
improve the results in [10,12] and many others.
In the concluding remarks, we will show that (QEP)′ and (GQEP)′ have some applications to the
study of vector quasi-variational inequalities and generalized vector quasi-variational inequalities for
fuzzy mappings.
2. Preliminaries
A multimap T : X ( Y is a function from X into the power set of Y with nonempty values T (x)
for x ∈ X and 1bers T−(y) for y ∈ Y . Note that x ∈ T−(y) if and only if y ∈ T (x).
For topological spaces X and Y , a multimap T : X ( Y is said to be closed if its graph
Gr(T ) = {(x; y) | x ∈ X; y ∈ T (x)} is closed in X × Y , to have open 1ber if T−(y) is open for
all y ∈ Y ; to be compact if the closure T (X ) of its range T (X ) is compact in Y ; to be upper
semicontinuous (shortly u.s.c.) if for every x ∈ X and every open set V in Y with T (x)⊂V ,
there exists a neighborhood W (x) of x such that T (W (x))⊂V ; to be lower semicontinuous (shortly
l.s.c.) if for every x ∈ X and every open neighborhood V (y) of every y ∈ T (x), there exists a
neighborhood W (x) of x such that T (u) ∩ V (y) = ∅ for all u ∈ W (x); and to be continuous if it is
both u.s.c. and l.s.c.
Let A⊂X , we denote int A and BA to be the interior of A and the closure of A, respectively.
A real-valued function g :X→R on a topological space X is l.s.c. [resp. u.s.c.] if {x∈X | g(x)¿r}
[resp. {x ∈ X | g(x)¡r}] is open for each r ∈ R. A nonempty subset X of a t.v.s. E is said to be
admissible (in the sense of Klee [8]) provided that, for every compact subset A of X and every
neighborhood V of the origin O of E, there exists a continuous mapping h : A → X such that
x− h(x) ∈ V for all x ∈ A and h(A) is contained in a 1nite dimensional subspace L of E. Note that
every nonempty convex subsets of a locally convex t.v.s. is admissible, lp; Lp(0; 1) for 0¡p¡ 1,
the Hardy space Hp for 0¡p¡ 1, locally convex subset of an F-normable t.v.s. and every compact
convex locally convex subset of a t.v.s. are admissible. For detail see [14,6,17].
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Recall that a nonempty topological space is acyclic if all of its reduced Cˆech homology groups
over rational vanish. A multimap T : X ( Y is said to be acyclic if it is u.s.c. with acyclic compact
values. We denote
V (X; Y ) = {T |T : X ( Y is an acyclic multimap}:
Let X be a convex subset of a t.v.s. and Y a topological space. If S; T : X ( Y are two multimaps
such that T (coB)⊆ S(B) for each 1nite subset B of X , then we call S a generalized KKM mapping
w.r.t. T , where coB denotes the convex hull of B. A multimap T :X ( Y is said to have the KKM
property provided that for any generalized KKM mapping S w.r.t. T , the family {S(x) : x ∈ X } has
the 1nite intersection property. We denote
KKM(X; Y ) = {T |T : X ( Y has the KKM property}:
In [5], Chang showed that V (X; Y )⊂KKM(X; Y ).
Denition 1. Let Z be a real t.v.s., D a convex cone in Z with intD = ∅, and A a nonempty subset
of Z .
(i) Let y1; y2 ∈ A, we denote
y16y2 if y2 − y1 ∈ D;
y1¡y2 if y2 − y1 ∈ intD:
A point By ∈ A is called a vector minimal point of A if for any y ∈ A; y − By ∈ −D\{0}.
A point By ∈ A is called a weakly vector minimal point of A if for any y ∈ A; y − By ∈ −intD.
The set of vector minimal (resp. weakly vector minimal) points of A is denoted by MinD A (resp.
wMinD A).
(ii) A function p : Z → R is called a strictly monotonically increasing function if a; b ∈ Z and
a− b∈ intD, then p(a)¿p(b).
Denition 2. Let X be a nonempty convex subset of a real t.v.s. E; Z a real t.v.s., and D a convex
cone in Z . Let G : X ( Z be a multimap, G is said to be D-quasiconvex if for any z ∈ Z , the set
{x ∈ X | there is a y ∈ G(x) such that z − y ∈ D} is convex:
Throughout this paper, all topological space are assumed to be HausdorK. In this paper, we need
the following lemmas.
Lemma 1 (Luc [13]). Let Z be a t.v.s.; D a closed convex cone in Z such that intD = ∅. Then;
for any 5xed e ∈ intD and z ∈ Z;
p(y) = min{t ∈ R |y ∈ z + te − D}
is a continuous and strictly monotonically increasing function from Z to R.
Lemma 2 (Aubin and Cellina [1]). Let X and Y be two topological spaces and T :X ( Y be a
multimap:
(i) If X is compact and T is u.s.c. with compact values; then T (X ) is compact.
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(ii) If Y is compact and T is closed; then T is u.s.c.
(iii) If T is an u.s.c. multimap with closed values; then T is closed.
Lemma 3 (Luc [13]). Let A be a nonempty compact subsets of a real t.v.s.; D a closed convex
cone in Z such that D = Z; then MinD A = ∅.
Lemma 4 (Lin et al. [11]). Let E be a t.v.s.; X an admissible convex subset of E; and T ∈KKM
(X; X ) be compact and closed. Then T has a 5xed point Bx ∈ X .
From the de1nition of l.s.c., it is easy to obtain the following lemmas.
Lemma 5 (Klein et al. [9]). Let X and Y be topological spaces; T :X ( Y be l.s.c. Then BT :X ( Y
is l.s.c.; where BT :X ( Y is de5ned by BT (x) = T (x) for x ∈ X .
Lemma 6 (Klee [8]). Let X be a convex subset of a t.v.s. E; Z a t.v.s.; D a closed convex cone
in Z such that intD = ∅. Let F :X ( Z be a multimap. For any 5xed e ∈ intD and any 5xed
a ∈ Z; let
p(y) = min{t ∈ R :y ∈ a+ te − D}:
If F is D-quasiconvex; then pF : X ( R is R+-quasiconvex.
Lemma 7 (Horvath [7]). Let X be a paracompact space; Y a convex space; G; T :X ( Y two
multimaps such that for any x ∈ X; coG(x)⊂T (x) and X =⋃{intG−(y) : y ∈ Y}. Then T has a
continuous selection f : X → Y ; that is; f(x) ∈ T (x) for each x ∈ X .
Denition 3. Let X be a topological space, Y be a t.v.s. A function f:X → Y is said to be
demicontinuous if
f−(M) = {x ∈ X |f(x) ∈ M}
is closed in X for each closed half space M ⊂Y .
Lemma 8 (Tanaka [16]). Let X be a topological space; Z a t.v.s. and f:X → Z be a demi-
continuous function; then for any ’ ∈ Z∗; the composite mapping ’ ◦ f is continuous; where
Z∗ = {’ |’: z → R is a linear continuous function}.
Lemma 9 (Aubin and Cellina [1]). Let X; Y be topological spaces; F; G:X ( Y such that F(x)∩
G(x) = ∅ for all x ∈ X . Suppose that x0 ∈ X and
(i) F is u.s.c. at x0;
(ii) F(x0) is compact; and
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(iii) G is closed.
Then the multimap F ∩ G : x |( F(x) ∩ G(x) is u.s.c. at x0.
Lemma 10 (Tan et al. [15]). Let X be a topological space, and F : X → R be a continuous
multimap with compact values. Then the function m : X → R de5ned by m(x) = max F(x) is
continuous.
3. Continuity and Berge’s theorem for multimaps
In [12], Lin established the following lemma.
Lemma A (Lin [12]). Let E1; E2 and Z be real t.v.s.; X and Y be nonempty subsets of E1 and
E2; respectively; and F :X × Y ( Z and S:Y ( X be continuous multimaps with compact values.
Then T :Y ( Z de5ned by T (y) =
⋃
x∈S(y) F(x; y) = F(S(y); y) is continuous.
In this paper we need a reformulation of Lemma A stated here as Theorem 1, and its proof is
also given for completeness.
Theorem 1. Let E1; E2 and Z be real t.v.s.; X and Y be nonempty subsets of E1 and E2 respectively.
Let F :X × Y ( Z; S:X ( Y be multimaps:
(a) If both S and F are l.s.c.; then T : X ( Z de5ned by
T (x) =
⋃
y∈S(x)
F(x; y) = F(x; S(x)) is l:s:c: on X:
(b) If both S and F are u.s.c. with compact values; then T is an u.s.c. multimap with compact
values.
Proof. (a) Under the assumption of (a), we show that T is l.s.c. at x. Let x∈X and G be any
open set in Z with T (x) ∩ G = ∅. Then there is a u∈ S(x) such that F(x; u) ∩ G = ∅. Since F is
l.s.c. at (x; u), there exist open neighborhoods N (x) of x in X and Nx(u) of u in Y such that for
any x′ ∈N (x); u′ ∈Nx(u); F(x′; u′) ∩ G = ∅. Since u∈Nx(u) ∩ S(x) = ∅ and S is l.s.c. at x, there
exists an open neighborhood O0(x) of x in X such that Nx(u) ∩ S(x′) = ∅ for any x′ ∈O0(x). Let
N1(x)=O0(x)∩N (x). If x′ ∈N1(x); u′ ∈Nx(u)∩ S(x′) = ∅, then F(x′; u′)∩G = ∅. Therefore, T (x′)∩
G=
⋃
u∈ S(x′) F(x
′; u)∩G = ∅ for all x′ ∈N1(x). This shows that T is l.s.c. at x and T is l.s.c. on X .
(b) Under the assumption (b), we show that T is u.s.c. on X . Let x ∈ X and G be any open set
in Z with T (x)⊂G. Then F(x; u)⊂G for all u ∈ S(x). Since F is u.s.c. at (x; u), there exist open
neighborhoods O(u) of u in Y and Ou(x) of x in X such that F(x′; u′)⊂G for any u′ ∈ O(u) and
x′ ∈ Ou(x). Since S(x)⊂⋃u∈S(x) O(u) and S(x) is compact, there exists {u1; u2; : : : ; un}⊂ S(x) such
that S(x)⊂⋃ni=1O(ui). By assumption (b), S is u.s.c. at x, there is an open neighborhood O0(x) of
x such that for all x′ ∈ O0(x); S(x′)⊂⋃ni=1O(ui). Let O1(x) = O0(x) ∩ (⋂ni=1Oui(x)), then O1(x) is
an open neighborhood of x. If x′ ∈ O1(x), and u′ ∈ S(x′), then there exists j ∈ {1; 2; : : : ; n} such
that u′ ∈ O(uj). Since x′ ∈ Ouj(x), F(x′; u′)⊂G and T (x′)=
⋃
u′∈S(x′) F(x
′; u′)⊂G for all x′ ∈ O1(x).
This shows that T is u.s.c. at x. Since F is u.s.c. with compact values and S(x) is compact for all
x ∈ X , it follows from Lemma 2 that T (x) = F(x; S(x)) is a compact set.
As a consequence of Theorem 1, we establish the following theorem.
176 L.-J. Lin, Z.-T. Yu / Journal of Computational and Applied Mathematics 129 (2001) 171–183
Theorem 2. Let E1; E2 and Z be t.v.s.; X and Y be nonempty subsets of E1 and E2; respectively;
F : X × Y × X ( Z and S : X ( X :
(a) If both S and F are l.s.c.; then T : X × Y ( Z de5ned by
T (x; y) =
⋃
u∈S(x)
F(x; y; u) = F(x; y; S(x))
is l.s.c. on X × Y .
(b) If both S and F are u.s.c. with compact values; then T is an u.s.c. multimap with compact
values.
Proof. Let the multimap H : X × Y ( X be de1ned by
H (x; y) = S(x) for (x; y) ∈ X × Y:
It is easy to see that if S : X ( X is l.s.c., then H : X × Y ( X is l.s.c. and if S is u.s.c., then
H is u.s.c. We also see that
T (x; y) =
⋃
u∈S(x)
F(x; y; u) =
⋃
u∈H (x;y)
F(x; y; u):
Then the conclusion of Theorem 2 follows from Theorem 1.
Applying Theorem 1, we obtain a generalized Berge’s theorem for multimaps.
Theorem 3. Let X and Y be topological spaces; F : X ×Y ( R; S : X ( Y; m(x)=supF(x; S(x));
and M (x) = {y ∈ S(x) : m(x) ∈ F(x; y)} :
(a) If both F and S are l.s.c.; then m is l.s.c.
(b) If both F and S are u.s.c. with compact values; then m is u.s.c.
(c) If both F and S are continuous multimaps with compact values; then m is a continuous function
and M is an u.s.c. closed multimap.
Proof. (a) Let T (x) = F(x; S(x)), then by assumption (a) and Theorem 1, T is l.s.c. Let t ∈ R, and
Mt = {u ∈ X : m(u)¿t}, then Mt is an open set. Indeed, let x ∈ Mt , then either t ¡m(x) =∞
or t ¡m(x)¡∞. In any case, there exists a z ∈ T (x) such that z¿ t. Let 0¡/¡z − t. Since
(z − /; z + /) ∩ T (x) = ∅ and T is l.s.c., there exists an open neighborhood V (x) of x such that
(z − /; z + /) ∩ T (x′) = ∅ for all x′ ∈ V (x):
Let z′ ∈ (z − /; z + /) ∩ T (x′) for x′ ∈ V (x). Then z′¿z − /¿ t and z′ ∈ T (x′) for x′ ∈ V (x).
Therefore, m(x′)=supT (x′)¿z′¿t for all x′ ∈ V (x). This shows that x′ ∈ Mt for all x′ ∈ V (x) and
V (x)⊂Mt . Hence Mt is open. Therefore m is l.s.c.
(b) By assumption and Theorem 1, T (x)=F(x; S(x)) is u.s.c. with compact values. Therefore, T (x)
is bounded and m(x)¡∞ for all x ∈ X . Let / be any positive number, since T (x)⊂(−∞; m(x)+ /)
and T is u.s.c. at x, there exists an open neighborhood O2(x) of x in X such that
T (x′)⊂(−∞; m(x) + /) for any x′ ∈ O2(x):
Therefore m(x′) = supT (x′)6m(x) + / for any x′ ∈ O2(x). This shows that m is u.s.c. at x.
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(c) The continuity of m follows from (a) and (b). M is closed. Indeed, let {(x0; y0)}0∈1 be a net
in GrM such that (x0; y0)→ ( Bx; By) ∈ X × Y . Then y0 ∈ S(x0) and m(x0) ∈ F(x0; y0). By Lemma 2,
F and S are closed. Since m is continuous, m(x0)→ m( Bx); By ∈ S( Bx) and m( Bx) ∈ F( Bx; By). Therefore
By ∈ M ( Bx) and ( Bx; By) ∈ GrM . This shows that M is closed. Let H (x) = {y ∈ Y : m(x) ∈ F(x; y)},
then M (x) = S(x) ∩ H (x). With the same argument as for M , we can show that H is closed. By
assumption (c), S is u.s.c. with compact values, it follows from Lemma 9 that M is an u.s.c. closed
multimap.
If F is a single-valued function, then we have the following corollary.
Corollary 1. Let X and Y be topological spaces; f : X×Y → R; S : X ( Y; m(x)=supy∈S(x) f(x; y);
and
M (x) = {y ∈ S(x) :m(x) = f(x; y)}:
If S is a continuous multimap with compact values and f is a continuous function; then m is a
continuous function and M is an u.s.c. closed multimap.
Proof. For each x ∈ X , let F(x; y)= {f(x; y)}, then F : X ×Y ( R is a continuous multimap with
compact values. The conclusion follows from Theorem 3.
The following theorem is a basic tool in the proof of equilibrium theorems of this paper.
Theorem 4. Let X be a nonempty subset of topological space E1; Z a real t.v.s. and D a closed
pointed convex cone with intD = ∅ and D = Z; S : X ( X and F : X × X ( Z . Let m : X ( Z
be de5ned by
m(x) = wMin
D
F(x; S(x)) for x ∈ X
and M : X ( X be de5ned by
M (x) = {u ∈ S(x) : F(x; u) ∩ m(x) = ∅}:
If both F and S are compact continuous multimaps with closed values; then both M and m are
closed compact u.s.c. multimaps.
Proof. (1) Since F is u.s.c. with compact values, and S(x) is compact for all x ∈ X , it follows from
Lemma 2 that F(x; S(x)) is a compact set. By Lemma 3, 2 = MinD F(x; S(x))⊂wMinD F(x; S(x)).
Hence m(x) = ∅ for all x ∈ X . m is closed. Indeed, let {(x0; z0)} be a net in X × Z such that
(x0; z0)→( Bx; Bz) ∈ X ×Z and z0 ∈ m(x0) for all 0, then there exists a u0 ∈ S(x0) such that z0 ∈ F(x0; u0)
and
z0 ∈ wMin
D
F(x0; S(x0)) = m(x0)⊆F(X × X ):
By assumption, S(X ) is compact. We may assume that u0 → Bu ∈ S(X ). Since F and S are u.s.c.
with closed values, it follows from Lemma 2 that F and S are closed. Therefore Bu ∈ S( Bx) and
Bz ∈ F( Bx; Bu). We want to show that Bz ∈ m( Bx). Suppose that Bz ∈ m( Bx) = wMinD F( Bx; S( Bx)), then there
exist s∗ ∈ S( Bx); w ∈ F( Bx; s∗) such that w − Bz ∈ −intD. By Theorem 1, x |( F(x; S(x)) is l.s.c.
178 L.-J. Lin, Z.-T. Yu / Journal of Computational and Applied Mathematics 129 (2001) 171–183
Since x0 → Bx, there exists a net w0 ∈ F(x0; S(x0)) such that w0 → w. Therefore, w0 − z0 ∈ −intD
for suQciently large 0. This is impossible since z0 ∈ m(x0) = wMinD F(x0; S(x0)). This shows that
Bz ∈ m( Bx) and m is closed. Since m(x)⊆F(x; S(x)) for all x ∈ X and F is compact, it follows that
m is compact. By Lemma 2, m is u.s.c. Therefore m is a compact u.s.c. closed multimap.
(2) M is closed. Indeed, let {(x0; u0)}0∈J be a net in X × X such that (x0; u0) → ( Bx; Bu) ∈ X × X
and u0 ∈ M (x0) for all 0 ∈ J . Then u0 ∈ S(x0) and F(x0; u0)∩m(x0) = ∅. Let z0 ∈ F(x0; u0)∩m(x0).
By (1), we see that S; m and F are compact and closed, and we may assume that z0 → Bz ∈ Z .
Hence Bu ∈ S( Bx) and Bz ∈ F( Bx; Bu) ∩ m( Bx). This shows that Bu ∈ M ( Bx) and M is closed. Since S is
compact, M is compact. By Lemma 2, M is u.s.c.. This completes the proof of the theorem.
Corollary 2 (Lin [12]). Let X and Y be nonempty subsets of topological spaces E1 and E2; respec-
tively; and Z a real t.v.s.; D a closed pointed convex cone in Z with intD = ∅ and D = Z;
S:X ( X and F :X × Y × X ( Z . Let m :X ( Z be de5ned by m(x; y) = wMinD F(x; y; S(x)) for
(x; y) ∈ X × Y and M :X × Y ( X be de5ned by
M (x; y) =
{
u ∈ S(x) :F(x; y; u) ∩ wMin
D
F(x; y; S(x)) = ∅
}
:
If both F and S are compact continuous multimaps with closed values; then both M and m are
closed compact u.s.c. multimaps.
Proof. Apply Theorem 4 and use the same argument as for Theorem 2.
4. Equilibrium theorems of multimaps
As consequences of Theorem 4 and Lemma 4, we obtain the following equilibrium theorems.
Theorem 5. Let X be an admissible convex subset of a t.v.s. E; S : X ( X a compact continuous
multimap with nonempty closed values; and Z a real t.v.s.; D a closed pointed convex cone in
Z with intD = ∅ and D = Z . Let F : X × X ( Z be a continuous multimap with compact
values. Let M : X ( X be de5ned by M (x) = {y ∈ S(x) : F(x; y) ∩ wMinD F(x; S(x)) = ∅}
for x ∈ X . Suppose that M ∈ KKM(X; X ). Then there exists an Bx ∈ X; such that Bx ∈ S( Bx) and
F( Bx; Bx) ∩ wMinD F( Bx; S( Bx)) = ∅. Furthermore; if F(x; x)⊂D for all x ∈ X; then there exists an
Bx ∈ S( Bx) such that
z ∈ −intD for all z ∈ F( Bx; u) and all u ∈ S( Bx):
Proof. It follows from Theorem 4 that M is a compact closed multimap. By assumption, M ∈
KKM(X; X ). It follows from Lemma 4 that there exists an Bx ∈ X such that Bx ∈ M ( Bx). This shows
that Bx ∈ S( Bx) and F( Bx; Bx) ∩ wMinD F( Bx; S( Bx)) = ∅. Therefore, there exists a Bz ∈ F( Bx; Bx) such that
z − Bz ∈ −intD for all z ∈ F( Bx; u) and all u ∈ S( Bx).
In particular, if F(x; x)⊂D for all x ∈ X , then z ∈ −intD for all z ∈ F( Bx; u) and all
u ∈ S( Bx). Indeed, if there exist a v∈ S( Bx) and a w ∈ F( Bx; u) such that w ∈ −intD, then
w − Bz ∈ −intD − D⊂−intD. This leads to a contradiction with z − Bz ∈ −intD for all z ∈ F( Bx; u)
and all u ∈ S( Bx). Therefore z ∈ −intD for all z ∈ F( Bx; u) and all u ∈ S( Bx).
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Corollary 3. Let X be an admissible convex subset of a t.v.s. E; S : X ( X a compact continuous
multimap with nonempty closed values; Z a real t.v.s.; D a closed pointed convex cone in Z with
intD = ∅ and D = Z . Let f : X × X → Z be a continuous function and M : X ( X be de5ned
by
M (x) =
{
y ∈ S(x) :f(x; y) ∈ wMin
D
f(x; S(x))
}
for x ∈ X:
Suppose that M ∈KKM(X; X ); then there exists an Bx∈X such that Bx∈ S( Bx) and f( Bx; Bx) ∈ wMinD
f(x; S(x)). Furthermore; if f(x; x) ∈ D for all x∈X; then there exists an Bx ∈ S( Bx) such that
f( Bx; u) ∈ −intD for all u ∈ S( Bx).
Proof. The result follows immediately from Theorem 5.
In order to show that the generalized quasi-equilibrium theorem can be reduced from the quasi-
equilibrium theorem, we need the following theorem.
Theorem 6. Let X be an admissible convex subset of a t.v.s. E1; E2 a t.v.s.; Y ⊂E2; S : X ( X a
compact continuous multimap with nonempty closed values; f : X → Y a continuous function; Z a
real t.v.s.; D a closed pointed convex cone in Z with intD = ∅ and D = Z . Let F : X ×Y ×X ( Z
a continuous multimap with compact values. Let H : X ( X be de5ned by
H (x) =
{
u ∈ S(x) |F(x; f(x); u) ∩ wMin
D
F(x; f(x); S(x)) = ∅
}
for x ∈ X . Suppose that H ∈ KKM(X; X ); then there exist ( Bx; By) ∈ X × Y; Bx ∈ S( Bx); By = f( Bx);
Bz ∈ F( Bx; By; Bx) such that z − Bz ∈ −intD for all z ∈ F( Bx; By; u) and all u ∈ S( Bx).
In particular; if F(x; y; x)⊂D for all (x; y) ∈ X × Y; then z ∈ −intD for all z ∈ F( Bx; By; u) and
all u ∈ S( Bx).
Proof. Let G :X × X ( Z be de1ned by G(x; u) = F(x; f(x); u) for (x; u) ∈ X × X . Then H (x) =
{u ∈ S(x) |G(x; u) ∩ wMinD G(x; S(x)) = ∅}. By assumption, G : X × X ( Z is a continuous
multimap. Then it follows from Theorem 4 that H is a closed compact multimap. By Theorem 5,
there exists an Bx ∈ H ( Bx), that is, Bx ∈ S( Bx), and Bz ∈ F( Bx; f( Bx); Bx) such that z − Bz ∈ −intD, for all
z ∈ F( Bx; f( Bx); u) and all u ∈ S( Bx). Let By = f( Bx). This proves the 1rst part of the theorem. The
second part of Theorem 6 follows from the same argument as for Theorem 5.
Applying Theorem 6, we establish the existence theorem of generalized vector quasi-equilibrium
problems.
Corollary 4. Let E1; E2; X; Y; f; F; Z and D be the same as Theorem 6. Let M : X × Y ( X be
de5ned by
M (x; y) =
{
u ∈ S(x) |F(x; y; u) ∩ wMin
D
F(x; y; S(x)) = ∅
}
for (x; y) ∈ X × Y . Suppose that for each (x; y) ∈ X × Y; M (x; y) is an acyclic set. Then; the
conclusion of Theorem 6 holds.
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Proof. Let G:X ×X ( Z be de1ned by G(x; u) =F(x; f(x); u) for (x; u) ∈ X ×X and H : X ( X
be de1ned by
H (x) =M (x; f(x)) for x ∈ X:
Then
H (x) =
{
u ∈ S(x) |G(x; u) ∩ wMin
D
G(x; S(x)) = ∅
}
:
By assumption, G : X × X ( Z is a continuous multimap. Then, it follows from Theorem 4 that
H is a closed compact multimap. By Lemma 2 and assumption, we see that H is a u.s.c. multimap
with compact acyclic values. Therefore, H ∈V (X; X )⊂KKM(X; X ), and the conclusion follows from
Theorem 6.
By using a continuous selection theorem of Horvath [7] and Theorem 4, we show that a generalized
quasi-equilibrium theorem is a consequence of a quasi-equilibrium theorem.
Theorem 7. Let X be a convex subset of a locally convex t.v.s. E1; E2 a t.v.s. and Y ⊂E2 a convex
subset; S : X ( X a compact continuous multimap with nonempty closed values; T : X ( Y a
multimap with convex values; and X =
⋃
y∈Y int T
−(y); Z a real t.v.s.; D a closed pointed convex
cone in Z with intD = ∅ and D = Z . Let F : X×Y×X ( Z be a continuous multimap with compact
values. Suppose that for each (x; y) ∈ X × Y; M (x; y) is an acyclic set; where M : X × Y ( X is
de5ned by
M (x; y) =
{
u ∈ S(x) |F(x; y; u) ∩ wMin
D
F(x; y; S(x)) = ∅
}
for (x; y) ∈ X × Y:
Then there exist ( Bx; By) ∈ X ×Y; Bx ∈ S( Bx); By ∈ T ( Bx); Bz ∈ F( Bx; By; Bx) such that z− Bz ∈ −intD for all
z ∈ F( Bx; By; u) and all u ∈ S( Bx). In particular; if F(x; y; x)⊂D for all (x; y) ∈ X ×Y; then z ∈ −intD
for all z ∈ F( Bx; By; u) and all u ∈ S( Bx).
Proof. Since S : X ( X is compact, there exists a compact set K ⊂X such that S(X )⊂K . Let
X ′=coK , then X ′ is a paracompact set. By Lemma 7, T | X ′ has a continuous selection f : X ′ → Y .
Since X ′ is a nonempty convex subset of a locally convex t.v.s., X ′ is admissible.
Apply Corollary 4 with X ′ instead of X , we show that there exist Bx ∈ S( Bx); By = f( Bx) ∈ T ( Bx);
Bz ∈ F( Bx; By; Bx) such that z − Bz ∈ −intD for all z ∈ F( Bx; By; u) and all u ∈ S( Bx).
Theorem 8. Let X be a compact convex subset of a Banach space E1 and Z be a real Banach
space; D a closed pointed convex cone in Z with intD = ∅ and D = Z; F : X×X ( Z; S : X ( X
be a multimap such that for all x ∈ X; S(x) is a nonempty convex set and for all y ∈ Y; S−(y) is
an open set. Let BS : X ( X be an u.s.c. multimap satisfying
(i) F(x; x)⊂D for all x ∈ X ;
(ii) F is a continuous multimap with compact values;
(iii) for each x ∈ X; y |( F(x; y) is D-quasiconvex.
Then; there exists an Bx ∈ S( Bx); such that
z ∈ −intD for all z ∈ F( Bx; u) and all u ∈ S( Bx):
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Proof. It follows from Lemma 1 that there exists a continuous and strictly monotonically increasing
function p from Z to R. Fixing an arbitrary n ∈ N , we de1ne Hn : X ( X by
Hn(x) =
{
u ∈ S(x) |minpF(x; u)¡minpF(x; BS(x)) + 1
n
}
:
Since BS is a u.s.c. multimap with closed values, it follows from Lemma 2 that BS is closed. Since X is
compact and pF is a u.s.c. multimap with compact values, for each x ∈ X; BS(x) and pF(x; BS(x)) are
compact sets. Therefore, for each x ∈ X; Hn(x) is a nonempty set. Indeed, there exists a u∈ BS(x) =
S(x) and w ∈ pF(x; u) such that w = minpF(x; BS(x)) = minpF(x; u). Since u ∈ S(x), there exists
a net u0 ∈ S(x) such that u0 → u. By Lemma 10, the function (x; u) → minpF(x; u) is continuous.
Therefore, for each n ∈ N , minpF(x; u0)−minpF(x; u)¡1=n for suQciently large 0. This shows that
minpF(x; u0)¡minpF(x; u) + 1=n=minpF(x; BS(x)) + 1=n and u0 ∈ Hn(x) for suQciently large 0.
Since u |( F(x; u) is D-quasiconvex, it follows from Lemma 6 that u|(pF(x; u) is R+-quasiconvex.
Since u|(pF(x; u) is R+-quasiconvex and S(x) is convex, it is easy to see that Hn(x) is convex for
each x ∈ X . Furthermore,
H−n (u) = S
−(u) ∩
{
x ∈ X |minpF(x; u)¡minpF(x; BS(x)) + 1
n
}
:
By assumption, S : X ( X is a multimap with open 1bers, so S is l.s.c. By Lemma 5, BS is also l.s.c.
By assumption, BS : X ( X is u.s.c. This shows that BS is continuous. By Theorem 3 and Lemma
10, we see that for each x ∈ X , the mappings x → minpF(x; BS(x)) and (x; u) → minpF(x; u) are
continuous. Since S has open 1bers, H−n (u) is open in X . Now by Fan-Browder 1xed point theorem
[3], there exists an Bxn ∈ X such that Bxn ∈ Hn( Bxn), i.e., Bxn ∈ S( Bxn),
minpF( Bxn; Bxn)¡minpF( Bxn; S( Bxn)) +
1
n
:
Let Bzn ∈ F( Bxn; Bxn) satisfying p( Bzn) = minpF( Bxn; Bxn). Since BS is compact, and F is u.s.c. with
compact values, it follows from Lemma 2 that F(X; BS(X )) is compact. Since Bxn ∈ S( Bxn)⊂ BS(X );
Bzn ∈ F(X; BS(X )), there exist subsequence {xn(0)}0∈8 of {xn} and {zn(0)}0∈8 of {zn}, Bx ∈ BS(X ) and
Bz ∈ F(X; BS(X )) such that Bxn(0) → Bx and Bzn(0) → Bz. For each 0 ∈ 8,
p( Bzn(0))¡minpF( Bxn(0); BS( Bxn(0))) +
1
n(0)
:
Letting n(0)→∞, then by the continuity of the function x → minpF(x; BS(x)), we have
p( Bz)6minpF( Bx; BS( Bx)): (1)
Since BS and F are u.s.c. with compact values, it follows from Lemma 2 that F and BS are closed.
Since Bxn ∈ BS( Bxn) and Bzn ∈ F( Bxn; Bxn), we see that Bx ∈ BS( Bx); Bz ∈ F( Bx; Bx)⊆F( Bx; BS( Bx)). Relation (1)
shows that p( Bz) = minpF( Bx; BS( Bx)). Therefore, p( Bz)6p(z) for all z ∈ F( Bx; u) and for all u ∈ BS( Bx).
Since p is strictly monotonic increasing,
z − Bz ∈ −intD for all z ∈ F( Bx; u) and all u ∈ BS( Bx):
Since F(x; x)⊂D for all x ∈ X , it is easy to see that z ∈ −intD for all z ∈ F( Bx; u) and all u ∈ BS( Bx).
If F in Theorem 8 is a single-valued function, we obtain the following corollary.
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Corollary 5. Let X be a compact convex subset of Banach space E1; Z be a real Banach space;
D a closed pointed convex cone in Z with intD = ∅ and D = Z . Let S : X ( X be a multimap
such that for all x ∈ X; S(x) is a nonempty convex set; and for all y ∈ X; S−(y) is an open set.
Let BS : X ( X be an u.s.c. multimap; and let f : X × X → Z be a function satisfying
(i) f(x; x) ∈ D for all x ∈ X ;
(ii) f is a continuous function;
(iii) for each x ∈ X; y → f(x; y) is D-quasiconvex.
Then there exists an Bx ∈ X; Bx ∈ S( Bx) such that f( Bx; y) ∈ −intD for all y ∈ S( Bx).
As a consequence of Theorem 7, we obtain the following theorem.
Theorem 9. Let X; Y; Z; D; S and T be the same as Theorem 7; f : X × Y × X → Z be a
demicontinuous function, ’ ∈ Z∗\{0}. Suppose that for each (x; y) ∈ X × Y; the set M (x; y) is an
acyclic set, where M : X × Y ( X is de5ned by
M (x; y) = {u ∈ S(x) |’f(x; y; u) =Min’f(x; y; S(x))}:
Then there exist an Bx ∈ S( Bx); and a By ∈ T ( Bx) such that f( Bx; By; Bx) ∈ wMinD f( Bx; By; S( Bx)); that is;
f( Bx; By; u)−f( Bx; By; Bx) ∈ −intD for all u ∈ S( Bx). Furthermore; if f(x; y; x) ∈ D for all (x; y) ∈ X ×Y;
then there exist an Bx ∈ S( Bx) and a By ∈ T ( Bx) such that f( Bx; By; u) ∈ −intD for all u ∈ S( Bx).
Proof. By Lemma 7, we see that ’f is continuous on X × Y × X . Then all the conditions of
Theorem 7 are satis1ed. It follows from Theorem 7 that there exist an Bx ∈ S( Bx) and a By ∈ T ( Bx)
such that
’f( Bx; By; Bx) =Min’f( Bx; By; S( Bx)):
That is ’f( Bx; By; Bx)6’f( Bx; By; u) for all u ∈ S( Bx). Since ’ ∈ Z∗ \ {0}, it follows that
f( Bx; By; u)− f( Bx; By; Bx) ∈ −intD for all u ∈ S( Bx):
Furthermore, if f(x; y; x) ∈ D for all (x; y) ∈ X × Y , then f( Bx; By; u) ∈ −intD for all u ∈ S( Bx).
Concluding Remarks. In this remark, we will show that relationship between (QEP)′ and vector
quasi-variational inequalities for fuzzy mappings or the relationship between (GQEP) and generalized
vector quasi-variational inequalities for fuzzy mappings. Let X and Y be topological spaces and Z
be a real t.v.s. with closed convex cone D. A fuzzy set on Z is a function with domain Z and values
in [0; 1], we denote the collection of all fuzzy sets on Z by F(Z). A mapping f : X → F(Z)
is called a fuzzy mapping. If f:X → F(Z), then f(x) (denoted by fx) is a fuzzy set on Z , and
fx(z), z ∈ Z is called the degree of membership of x in fx. Let A be a fuzzy set in F(Z) and
0 ∈ (0; 1], the set A0 = {z ∈ Z :A(z)¿0} is called an 0-cut set of A.
Let s:X ×Y →F(X ); t:X →F(Y ) and f:X ×Y ×X →F(Z) and g:X ×Y →F(Z) are fuzzy
mappings, 0; 9 and : are constants in [0; 1]. We consider the vector quasi-variational inequalities
for fuzzy mappings (VQV-IFP) and the generalized vector quasi-variational inequalities for fuzzy
mappings (GVQVIFP) as follows:
(VQVIFP): Find Bx ∈ (s Bx)0 such that z ∈ (−intD) for all z ∈ (g Bx; u)9 and for all u ∈ (s Bx)0.
(GVQVIFP): Find Bx ∈ (s Bx)0; By ∈ (t Bx): such that z ∈ (−intD) for all z ∈ (f Bx; By;u)9 and all u ∈ (s Bx)0.
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As in [4], if we de1ne S : X ( X by S(x) = (sx)0,
G : X × X ( Z by G(x:y) = (gx;y)9;
F : X × Y × X ( Z by F(x; y; u) = (fx;y;u)9: (1)
T : X ( Y by T (x) = (tx):;
then the vector quasi-variational inequalities for fuzzy mappings (VQVIFP) will reduce to the prob-
lem (QEP)′ and the generalized vector quasi-variational inequalities for fuzzy mappings (GVQVIFP)
will reduce to (GQEP)′. Hence the study of (QEP)′ and (GQEP)′ have some applications to the
study of the problems (VQVIFP) and (GVQVIFP).
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